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Abstract

We report on a new approach to modelling and identi-
fying dependencies within a gene regulatory cycle. In
particular, we aim to learn the structure of a causal
network from gene expression microarray data. We
model causality in two ways: by using conditional de-
pendence assumptions to model the independence of
different causes on a common effect; and by relying
on time delays between cause and effect. Networks
therefore incorporate both probabilistic and tempo-
ral aspects of regulation. We are thus able to deal
with cyclic dependencies amongst genes, which is not
possible in standard Bayesian networks. However, our
model is kept deliberately simple to make it amenable
for learning from microarray data, which typically
contains a small number of samples for a large number
of genes. We have developed a learning algorithm for
this model which was implemented and experimen-
tally validated against simulated data and on yeast
cell cycle microarray time series data sets.

1 Introduction

With the complete genomic sequences of increasing
numbers of organisms available there are unprece-
dented opportunities for the biological analysis of
complex cellular processes. In this new era of cell
biology there have been major advances in the ability
to collect data on a genome-wide scale by the use of
high-throughput technology such as gene expression
microarrays. However this data requires analysis be-
yond the level of individual genes; we need to investi-
gate networks of genes acting within highly regulated
systems.

Owing to the complexity of the systems to be stud-
ied a wide range of methods to model networks and
learn them from data have been studied (Endy &
Brent 2001, de Jong 2002). However, in our work we
are not aiming to model the full dynamical systems of
the cell, but rather to learn key causal features from
data.

In this paper we investigate the use of causal net-
works to model relations between genes as measured
in microarray data. More specifically, we explore
learning the structure of a genetic regulatory net-
work in this setting. Our approach to causal networks
is based on a form of dynamic Bayesian network in
which causality is represented in two ways: by relying
on conditional independence assumptions to model
the independence of different causes on a common ef-
fect; and by relying on time delays between cause and
effect. By incorporating time delays into our model,
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we are able to deal with cyclic dependencies amongst
genes. From a high-level perspective, we address the
following problems:

1. How can we formalize the model of a causal net-
work which combines probabilistic and temporal
aspects, in particular, conditional independence
and temporal precedence?

2. How can we learn such a model from observa-
tions of the variables over time in a robust and
computationally efficient manner?

The paper is organised as follows. In Section 2 we
introduce our representation for causal models, and
in Section 3 we develop a learning algorithm for such
models. In Section 4 we present results from experi-
mental application of the approach to cell cycle time
series microarray data.

2 A new probabilistic model

We introduce a probabilistic model that satisfies cer-
tain assumptions and addresses the problems of com-
plexity discussed above. We then extend this proba-
bilistic model to include time, and develop methods
for estimating our probabilistic model from time se-
ries data, specifically microarray data. Note that in
this paper our models contain only discrete random
variables.

2.1 The #-model

In the Bayesian network model an effect is condition-
ally independent of its ancestors given its immediate
causes. This allows one to model an effect 6 with
immediate causes i, ..., 3, as shown on the left in
Figure 1. Unfortunately modelling an effect in this
way requires the estimation of at least 2" parame-
ters, where n is the number of causes. Clearly the
number of probabilities to be estimated increases ex-
ponentially in n.

However, if certain combinations of causes are
known a priori to be unlikely they may be safely
ignored in the interests of simplifying the problem.
This suggests a way to reduce the number of distinct
events that need to be modelled, effectively compress-
ing the space of events for which probabilities need to
be estimated. To do this we will use a function %,
called a compression function, to compress the joint
probability distribution. In the standard Bayesian
network framework the conditional probability for the
dependence of an effect 6 on its causes f31,..., 3, is
PO | f1,...,0n). Using the compression function
this becomes P(0 | #(b1,...,05n)), as shown on the

right in Figure 1.

If we assume that P8 | (1,...,08,) = P60 |
F(B1,...,0n)), for some arbitrary .#, a joint proba-
bility distribution may be decomposed using .#-based
conditional independence factors.

Definition 1 (#-model) Let M denote a proba-
bility model over the random wvariable space © =



{01,...,0,}, and let .F be some arbitrary mapping
over observations of ©. An % -model is the pair
(0,G), where G is a directed acyclic graph and each
edge 1 G represents a dependence between a pair of
variables, letting o = B1,. .., Bn, such that the set of
immediate parents c; C © of §; € © in G render it in-
dependent of its other ancestors in G. The % -model
defines the following factorization of M :

n

P©) = [[ PO: | #(ai)

i=1
where P(0; | F (o)) = P(0; | ;).

Effectively, for a set of random variables {6;,...,6,},
& induces a new random variable .Z (0;, ... ,6;). Note
that if our assumption above is valid with respect to
the system under enquiry then the .%-model, by defi-
nition, is equivalent to a Bayesian network, assuming
no cycles in the ancestor relation.
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Figure 1: Modelling via (a) Bayes net dependencies
and (b) .# based dependencies.

2.2 Temporal extension of the .#-model

In order to model a causal system we must account
for time. Therefore we provide a temporal general-
ization of the .#-model that accounts for temporal
precedence and contiguity in time (Hume 1999). We
extend the .#-model, by replacing the set of random
variables © with a corresponding random process ©(t)
and its history at any time.

Definition 2 (Discrete Time Random Process
and History) O(t) = {61(t),...,0,(t)} is a discrete
time random process for t € Z. At time t the his-
tory of the random process is F(t) = \J{0:(7) | i €
1,...,n,7 < t}.

A causal model for O(¢) requires the parent set
a(t) for some 6(t) to be drawn from the history

A (t). Each random process 6;(t) has a finite set
of parents f3;,,...,03:, C ©O with associated time
shifts d;,,...,0;,. Thus we may write the parent set
ai(t) - {521 (t*(sh)v e 7ﬂi7n (t*é‘im)} C %O(t)v allow-
ing us to model causal relationships by the conditional
probabilities P(6;(t) | a;(t)).

We also make a stationarity assumption, i.e., we
assume that the underlying causal relationships do
not change over time. This is clearly not the case
for cellular systems, but acts as a useful simplifying
assumption. It follows that the parent sets af(t) =
(B1(t), ..., Bm(t)) and associated delays d; are inde-
pendent of time t.

Hence the %#-model represents a stationary dis-
tribution by a graph where nodes are variables in ©
and edges are labelled with time shifts. Note that
this graph may include cycles. However, since time
shifts are positive, these cycles do not represent a
cyclic probabilistic dependency, but merely that 6(t)
depends on 0(t — \), where A is the period of a single
cycle. Note that cycles are not permitted in the stan-
dard Bayesian network formalism which is restricted

to acyclic graphs.
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Figure 2: A temporal F-model “unrolled” in time:
each d; = 1 time unit, and the cycle period = 2 time
units.

In high dimensional spaces such as microarray
data many independent processes may run concur-
rently and there may exist various causal chains, each
with different cycle periods. Hence assuming a global
cycle period on all variables of the system is too re-
strictive. Therefore we use a relative cycle period for
each variable.

Definition 3 (Cycle
(X1,...,Zm) be an

period) Let
expression

X(t) =
vector  and



A € {1,...,m}. Then the cycle period for X(t)
is the first off-zero peak correlation, i.e., the first A
for which

m—X
arg max (Z X(t)~X(t+)\)> >0

Aef{l,..,m} \ ¥

As mentioned in Section 2 we use discretized data.
In (Friedman, Linial, Nachman & Pe’er 2000) a dis-
cretization was used where any log expression ra-
tio outside a central band of +0.5 was taken as
gene activity. However, this will tend to ignore low-
amplitude gene expressions which could form part of
regulatory interactions, e.g., certain transcription fac-
tors. Therefore we discretize each expression vector
separately using a relative threshold: expression val-
ues greater (resp. less) than the threshold are mapped
to 1 (resp. —1), otherwise they are mapped to zero.

The relative threshold is set via a k" order statistic,
where k is a parameter to the algorithm.

Finally, the compression function % combines a
set of variables (candidate causes) into a single vari-
able. In application to microarray data the variables
are time-shifted, discretized gene expression profiles
representing candidate regulators of a selected target
gene. For our implementation we used the following
compression function:

Definition 4 Given a set of expression values X =
(X1,...,2n) for n genes alt some point in time the
compressed version of X is:

+]-a Zf |X+| znfg
71.71): _15 Zf |X7|S7’L—g
0, otherwise

9(1‘1,...

where Xt ={ze X |z =41}, and X~ ={x € X |
x = —1} and 0 < g < n/2 is a slack parameter to
allow some variation in + or —.

The slack parameter is to allow for noise. This com-
pression function is applied to all columns in the set of
candidate causes, giving a compressed variable. Note
that as the number of variables n increases, the com-
pressed values either remain at +1 or —1, or go to
zero. This helps to avoid overfitting of the model:
adding too many variables as causes will tend to re-
duce the compressed value to zero, which implies the
model loses any dependency between the candidate
causes and the effect. We only add genes as candidate
causes whose expression profiles are closely similar to
the target gene. Further details on the compression
function .# are in Ahsan (2006).

3 A local learning algorithm

The key problem investigated here may be formalized
as: Given a data set D, find an F-model which ad-
equately explains D. Since computational efficiency
is a key issue for microarray data which has many
variables we propose searching for local neighborhoods
instead of searching for an entire network, as condi-
tional independence may be efficiently computed.

For directed graphs this problem simplifies to
searching for the immediate parents of a variable.
Various definitions of an immediate parent have been
used, e.g., (Pearl 1988, Margaritis & Thrun 2004,
Koller & Sahami 1996). For us, however, immediate
parents (a) temporally precede the target, (b) signif-
icantly correlate with the target, and (c¢) render the
target independent of all its ancestors. Based on this
definition we propose the following local learning al-
gorithm.

Algorithm 1 learns causes of an effect, and is di-
vided into two phases. Phase 1 filters out a set of

Algorithm 1 Learning Immediate Causes of an Ef-
fect: PIA
Input: Initial candidates O, Effect § and Threshold
T for score
Output: Set of immediate causes for 0
1: PHASE 1: Selecting a Set of Candidate Causes

for § € © do

if 1(0; 5) > 7 then

a—aU{G}

PHASE 2: Learn local neighborhood of 0
Sort a according to =g //see text for details
o —
//Seek causes that increase the score given the
current o
10: repeat
1: O «— maz(a)
12 if I(0; Z (o, B(t — bgp))) — I(0; Z (o)) > 0

then
13: o — o U{g}
4 a—a—{p}

15: until o =0
16: return o’

plausible candidates based on a pairwise score be-
tween each candidate and the effect (lines 3-5). The
score used was the mutual information I(X;Y") be-
tween a pair of variables (Kullback & Leibler 1951).

In phase 2 the algorithm consists of two further
stages. At line 7 the algorithm first sorts the fil-
tered candidates o with respect to the following or-
der: 31 >=¢ B2 iff either dgg, < dgg,, Or dg3, = 093,
and I(0,51) > 1(0,32). This ordering relies on com-
putation of delays or time shifts dxy between vari-
ables X and Y. The time shift between a pair of
variables is simply the time difference between the
respective peaks in each time series. Sorting in this
way implements criteria (a) and (b) of the definition
of immediate parents.

The algorithm then iteratively processes each
cause according to the order >y in a greedy man-
ner (lines 10-15). At each step the current candidate
cause (3 is added to the set of immediate causes of 6 if
this results in an increase in the mutual information
score between # and the updated compressed vari-
able .Z (o, B(t —dpg)). This test implements criterion
(c) of the definition of immediate parents. The nota-
tion B(t — dpg) denotes the application of a variable-
specific time shift before computing the score. Note
that our selection procedure is biased towards vari-
ables with shorter time delays; the rationale for this
is that longer time delays can be caused by a chain of
causes in the network, whereas shorter ones cannot.

The temporal .%-model is based on the assumption
that the time shift for any cycle in an .%-model is a
multiple of the period A, and that any path with the
time shift greater than A must include a cycle. How-
ever, target variables may vary in A, and therefore
simply piecing all local neighborhoods will not result
in a true .-model. Currently, no constraint has been
enforced on the local learning algorithm PIA which
would allow one to induce a global structure in a mod-
ular manner. However, one may induce .%-models by
grouping target variables with similar cycle periods,
and post-pruning any edges that conflict with cyclic-
ity assumptions made in Section 2.2. This approach,
called the Piece-wise Network Induction Algorithm
(PWNIA), was used for the experiments in the next
section.



4 Experimental results

A major issue in current research on learning genetic
regulatory networks from genome-wide data is that
there are no reference “ground truth” models. How-
ever, we attempted to validate our approach in two
ways: by reconstruction experiments using simulated
data; and on real 0 data by using selected sets of genes
and evaluating features of learned network structures
against known properties of the cellular system.

4.1 Simulated data

We conducted simulation experiments by implement-
ing a simple model of cell-cycle gene expression. Input
to the simulator was in the form of a directed graph,
modelling a genetic regulatory network, plus prop-
erties of each edge in the graph, representing a gene
interaction, such as cycle length, time delays, etc. For
each edge A — B in the graph, the dependence of B
on A was modelled as a probabilistic, time-delayed
function of A, with added Gaussian noise. Variables
with no parents (root nodes) were modelled as sine
functions with added Gaussian noise. The simulator
was implemented to enable manipulation of a number
of parameters, such as the amount of added noise, the
sampling frequency of data, etc.

Graphs were generated randomly using the
preferential attachment model of Albert and
Barabasi (1999) implemented as part of the Python

random graph library NetworkX !. The edges of
these undirected graphs were directed arbitrarily,
avoiding cycles.

For each randomly-generated graph and a set of
associated probabilistic dependencies, the simulator
was used to generate multiple time series data sets to
which the PWNIA algorithm was applied to learn a
network. Learned networks were then compared with
the originals to evaluate the reconstruction. Features
of the reconstructed networks were evaluated using
a version of the approach in Friedman et al. (1999)
adapted for time series data.

We investigated the effect on learning of (a) adding
varying amounts of noise, (b) varying the number
of time points, (c) varying network density, and (d)
varying parameters of the learning algorithm. Preci-
sion and recall measures were recorded for recovery of
order and Markov relations (Friedman, Goldszmidt &
Wyner 1999). Order relations are true for gene-gene
interactions A — B where A is an ancestor of B.
However, Markov relations are more stringent, con-
taining only the subset of genes that make a gene
probabilistically independent of all other genes in the
network. Note that precision and recall curves were
generated as opposed to the use of either sensitiv-
ity /specificity or ROC analysis due to the difficulty
of generating true negatives for order and, particu-
larly, Markov relations in our experimental setup.

In terms of precision; which reflects the extent to
which predicted gene-to-gene relationships made by
our learning algorithm were correct, our results were
similar for both order and Markov relations over ex-
perimental conditions (a) to (d). However, for re-
call; the extent to which actual relationships were
predicted by our algorithm, we found that order re-
lations were much easier to reconstruct than Markov
relations.

For example, condition (a), adding noise to the
generation of simulated data, led to reductions in pre-
cision (from 0.9 to 0.6 for order relations and from
0.85 to 0.65 for Markov relations) and greater reduc-
tions in recall (from 1.0 to 0.7 for order relations and
from 0.45 to 0.25 for Markov relations), all measures
are rounded mean values for 30 data sets. Since recall
for order relations was higher than for Markov rela-
tions, it follows that it should be easier on real data to
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discover general causal ordering relations than more
detailed gene-to-gene regulatory interactions. This
formed the basis for the experiments on real microar-
ray data discussed below.

Real microarray data contains typically only a few
time points, since each time point represents a sepa-
rate microarray experiment, which is time-consuming
and relatively expensive to carry out. With simulated
data, however, the number of data points measured
can be varied. We found that under experimental
conditions (b) and (c), increasing the number of data
points per cycle, led to increases in both recall and
precision, except for precision on reconstruction of the
denser networks. This was as expected, since a chance
correlation is more likely because more variables have
shorter time shifts and hence appear near the top of
the order >y, leading to possible inclusion as immedi-
ate causes. Experimental condition (d), varying the
similarity threshold above which genes are considered
potential parents, showed an inverse relationship for
both order and Markov relations, i.e., recall fell while
precision rose as the threshold was increased. This
suggests that the threshold may be acting to control
the number of false positives, although at the expense
of coverage. If so this could be a useful property of
the algorithm and should be investigated further.

An additional parameter, not investigated due to
lack of time, that may be useful in reducing the ef-
fect of noise on the algorithm is the slack parameter.
This has the effect of relaxing the strict requirement
of direct or inverted similarity between a gene and
its candidate regulators. As part of future work this
should be investigated in combination with the sim-
ilarity threshold, as the former may compensate for
the reduction in recall due to the application of the
latter. Lastly, we have implemented a fixed form of
compression function .%. This may not be the most
appropriate for for learning genetic regulatory inter-
actions, and it would be interesting to investigate the
possibility of learning the compression function from
data.

The simulation experiments are described in more
detail in Ahsan (2006). We concluded from these
results on simulated data that the algorithm shows
promise for the discovery of gene relationships, al-
though it is likely to be susceptible to noise and low
numbers of instances.

4.2 Yeast cell cycle data

Since it is not currently possible to evaluate network
learning attempts against a “real” genetic regulatory
network, even in well-studied organisms such as the
budding yeast Saccharomyces cerevisiae, on real data
we took the approach of examining key temporal fea-
tures. At this stage we are only attempting to validate
our approach rather than generate biologically useful
knowledge. Therefore, following the results discussed
above on learning order relations on simulated data
we investigated the extent to which the edges in a
learned network reflect known temporal features of
the domain.

Our starting point was the seminal experimental
work on the budding yeast cell cycle by Spellman et
al. (1998). In this work the cell cycle was arrested by
different means and on release the cells went through
one to two synchronised cell cycle iterations, during
which microarray gene expression measurements were
take at regular intervals. Using a Fourier analysis-
based scoring function, calibrated to known cell-cycle
regulated genes, 800 genes were determined as being
cell-cycle regulated in terms of their gene expression.
In addition, a temporal ordering was applied to sort
these 800 genes into one of five cell cycle phases, G1,
S, S/G2, G2/M or M/G1. This provides a bench-
mark, similar to the order relations from our simu-
lated data, against which to evaluate our algorithm.

The objective is as follows: given a yeast cell-
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Figure 3: A network learned from the top-scoring 135 genes on the alpha cell cycle data set. Each node with
an in-arrow is labelled by its mutual information with the compressed parent set. Each edge from parent to
target represents a G1 to S phase interaction and is labelled with 2 numbers: time shift and pairwise correlation

coefficient (see text for details).

cycle microarray time series data set, run the net-
work learning algorithm and compare the edges thus
obtained to the known temporal ordering in terms of
their phase coherence. Phase coherence is defined by
a set of rules stating the biological plausibility of each
possible phase labelling of edges in a network graph.
For example, if the cause and effect were both in the
same phase, this would be acceptable, whereas if the
cause and effect were separated by a large number of
phases, this is unlikely to be a biologically valid causal
relationship.
The rules were:

Cause phase Possible effect phases

Gl S, S/G2 or G2/M
S S/G2, G2/M or M/G1
S/G2 G2/M or M/G1

G2/M
M/G1

M/G1 (current cycle) or G1 (next)
G1 (next cycle) or S (next cycle)

This defines 12 out of a possible 25 cause-effect
phase relations. Allowing the 5 same-phase relations
gives a total of 17 permitted by these rules. No-
tice that the last two phases in the cell cycle, G2/M
and M/G1, have causal relations that cross the cell-
division boundary.

To test the phase coherence of the 0 learned by our
algorithms we performed a number of network learn-
ing experiments using three yeast cell-cycle time se-
ries data sets from the work of Spellman et al. (1998).
Since our algorithm requires microarray data contain-
ing reasonable cyclic expression profiles, we restricted
attention to the 800 genes determined to be cell cy-
cle regulated. We ranked these in decreasing order of
their aggregate score — known as the “CDC score” —
generated by Spellman et al. (1998). The higher the
CDC score, the clearer the periodic “signal” in the
microarray data. This score is calibrated to genes
known to be cell-cycle regulated, and ranges from
15.990 (maximum) to 1.314 (minimum). We set two
thresholds on this score: > 5.0 and > 3.0. There
are 135 genes above the first threshold and 297 genes
above the second. This gave us the basis to construct
three sets of genes, in decreasing order of “cyclicity”,
of size 135, 297 and 800.

We ran our network learning algorithm with de-
fault parameter settings for the three gene sets on
each of the three microarray data sets known as al-
pha, cdc1d and cde28. (We did not use the elutriation
data set since it does not comprise two complete cell
cycles and our algorithm currently requires > 2 cy-
cles.) The set of edges from each learned network was
filtered to select only those having a Pearson pairwise
correlation above a certain correlation threshold (re-
sults shown are for » > 0.7). Nodes in each set of
“well-correlating” edges was then labelled their re-
spective phase. This phase labelling was then evalu-
ated for coherence against the above rules.

Data 135 297 800
alpha €O || 075 (239) [0.73 (508) [ 0.63 (1154)
legal || 0.91 (180) | 0.90 (369) | 0.85 (726)
odels Corr. [[0.85 (217) [ 0.78 (498) [ 0.56 (1592)
legal || 0.91 (184) | 0.89 (387) | 0.83 (888)
ez corT | 0.71(224) [ 0.70 (490) | 0.59 (1383)
legal || 0.91 (154) | 0.89 (344) | 0.87 (816)

Table 1: Results from phase coherence tests on edges
from learned networks on 3 cell-cycle regulated data
sets. Shown are the proportions (totals) of well-
correlating edges and phase-coherent edges for 3 gene
sets of increasing size and reducing overall quality (see
text for details).

The results are summarised in Table 1. For each
data set there are two rows, labelled “corr.” and “le-
gal”. The “corr.” row contains the proportion (to-
tal in brackets) of edges above the correlation thresh-
old. The “legal” row contains the proportion (total
in brackets) of edges that are phase coherent, i.e., are
in accord with the rules above. The three columns
refer to the three different-sized gene sets.

The results show that the algorithm is construct-
ing network graphs containing a majority of well-
correlated edges. In addition, the phase-coherence
of the edge sets remains high even on the largest data
set (800) which produces networks with many low-
correlating edges. Note that the pairwise correlation



is not the necessarily a good measure of functional
relatedness, since it ignores multi-gene dependencies,
unlike the mutual information score used by our algo-
rithm. However, we use it here as a useful heuristic,
since it could easily form a pre-processing step for our
algorithm. Note also that the algorithm is not given
the phase information — phase coherence is used solely
to assess performance.

We are continuing to work on examining the phase
coherence of this approach. For example, we can iso-
late genes from different phases to use as candidate
cause and effect sets to initialise our algorithm. The
edge sets can then illustrate how well temporal or-
dering is being recovered during learning. Figure 3
shows one network, learned by setting the candidate
causes to G1l-phase genes in the top-scoring 135 and
the candidate effects to S-phase genes from the same
set. So far we have not compared the performance of
this algorithm with alternative approaches, but this
should be undertaken as part of future work. We be-
lieve that ideas such as phase coherence may provide
useful methods to compare performance of such algo-
rithms in the absence of a “gold standard”.

5 Conclusions

In this paper we have developed a novel framework
for modelling and learning causal gene-to-gene in-
teractions from microarray data. Our approach ex-
tends the standard Bayesian network formalism to
allow temporal relations and enable cyclic dependen-
cies which is a critical requirement for the represen-
tation of biological regulation. Some key simplify-
ing features of the approach are that gene expression
is discretized, and each gene has a set of immediate
causes, with an associated time shift, on its gene ex-
pression. Furthermore, the effect of multiple causes is
combined into a single variable, also discretized, via
a novel compression function.

The dependence of the gene on its compressed par-
ent, which precedes it in the temporal ordering, is
modelled with a simple discrete probability distribu-
tion. Our learning algorithm focuses on identifying
the immediate causes of a given gene. The compres-
sion function limits the introduction of new parents
through its behavior in losing information with more
parents, and fixes the number of parameters to be
learnt (avoiding over-fitting).

Experimental validation is promising, based on
simulated and real data. On real data we demon-
strated that the networks learned are largely consis-
tent with the temporal ordering properties of the cell
cycle, reinforcing some results from experiments on
simulated data.

The extent to which learned interactions are spu-
rious (false positives) is not known. This is a key
area for future work. We believe that combining mi-
croarray data with data from other sources, such as
protein-protein interactions, has potential for improv-
ing this aspect of our approach. For example, some
critical aspects of function are clearly absent from mi-
croarray data. An example is the gene CDC28, which
is central to cell-cycle regulation, but assumed to be
expressed in excess and therefore will not be learned
as part of any interaction from microarray data alone,
although it is well-represented in protein interaction
databases.
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