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Abstract

Estimating the rate at which events happen has been
studied under various guises and in different settings.
We are interested in the specific case of consumer-
initiated events or transactions (credit/debit card
transactions, mobile phone calls, online purchases,
etc.), and the modeling of such behavior, in order
to estimate the rate at which such transactions are
made. In this paper, we detail a model of such events
and a Bayesian approach, utilizing Sequential Monte
Carlo technology, to online estimation of the event
rate from event observations alone.

Keywords: Event Rate Estimation, Markov Jump
Process, Particle Filter, Cox Process, Poisson Pro-
cess.

1 Introduction

Modeling consumer behavior is advantageous for a
multitude of business problems - targetted advertis-
ing/marketing, fraud detection, click-stream analysis,
etc. There are a plethora of statistics that one can
‘mine’ or extract from this data 1. One statistic
that is particularly significant, especially since
(individual) consumer events are time-sequenced,
is the rate at which such events occur. The rate is
a particularly useful metric in detecting changing
consumer behavior.

Indeed, there have been several approaches to
estimating the (mean) rate at which events occur.
In (Lambert et al., 2001), a very detailed algorithm
for estimating the rate using a ‘controlled’ ver-
sion of the exponentially weighted moving average
(EWMA) time-series model is described. Scott
et al, study click-rates with a Markov Modulated
Poisson Process (MMPP), in (Scott and Smyth,
2003). In (Weinberg et al., 2006) a Markov Chain
Monte Carlo (MCMC) approach to determining
the rate of a doubly stochastic Poisson process
is detailed, based on call center data. Similar ap-
proaches have been used in other proprietary systems.

In this paper, our aim is to detail a different
approach to rate estimation. We assume that the
rate itself is unobservable, since it is not exactly a
physically manifested signal. Thus, we can view the
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1We shall henceforth refer to the transactions or consumer-
initiated events, noted above, as events.

rate estimation problem as a latent state estimation
or, in signal processing parlance, a filtering problem.
As we shall see, in this case we are dealing with
a non-linear filtering problem. Further, we want
to estimate the rate, in an online fashion, without
storing much data.

Latent state space models are widely used in many
applications. The problem that this paper aims to
solve is estimating this state using only observations
and a knowledge of a state space model. This filtering
problem has been solved in a few cases (and indeed
optimally), and the most famous example of such a
filter is the Kalman filter, which optimally estimates
the state in the case of a linear, Gaussian model;
i.e., when the state process is a Gaussian process
and the relation between observations and states
is a linear model, driven by Gaussian noise. As
we shall see, in our model the underlying state
process cannot be a Gaussian process. Instead, we
assume that the rate process follows a piecewise
deterministic Markov process (PDMP), see (Davis,
1984). More specifically, we assume that the rates
follow a piecewise continuous Markov process, or a
Markov jump process (MJP). Further, we assume
a Poisson observation model, in which the number
of events occurring within a given time interval is
Poisson distributed, dependent upon the underlying
rate process.

Given our modeling assumptions, the solution
to the filtering problem requires sophisticated al-
gorithms. Here, we consider a Bayesian approach
to solving the problem - using Sequential Monte
Carlo (SMC) methods. SMC methods, more com-
monly known as particle filtering (PF), estimate
the posterior density of the (latent) states given
the observations, by a cloud of weighted samples or
particles. These particles are updated and propa-
gated using sequential importance sampling (SIS)
and MCMC methods. For a very good introduction
to PF’s see (Arulampalam et al., 2002) and (Cappé
et al., 2007). Generic particle filtering approaches
usually used assume that, for every observation,
there is a corresponding underlying state; i.e., the
state process evolves stochastically at every time
instant. However, in our model, we assume that the
underlying state changes at random instants of time
and that it remains constant between these instants
of time. Thus, the rate at which state changes
occur is different from the rate at which events are
observed. Put another way, we do not know the
number of jumps in the state process. This requires
a different paradigm of PF’s.

Variable rate particle filters (VRPF), (Godsill
and Vermaak, 2005) and (Godsill et al., 2007), are a
specific type of particle filter that allows for different



rates of evolution for the observations and the state.
VRPF’s define a ‘neighborhood’ for each sample
observed, and sample stopping times, or jump-times,
and states from a predefined importance density until
the neighborhood for a given sample is complete, in
some well defined manner. This framework is exactly
what is required for estimating event rates, given
our modeling assumptions. Here we detail how the
VRPF algorithm can be applied to this problem,
with appropriate definition of neighborhoods and
importance density. We make some enhancements to
the basic algorithm laid out in (Godsill et al., 2007),
by incorporating moves into the filter to improve
particle diversity.

The rest of this paper is organized as follows. In
section 2, we describe the MJP model we assume for
the rate process and the corresponding state evolu-
tion density functions. We also describe the Pois-
son observation model, and give a brief mathemati-
cal treatment of the the specific type of Poisson pro-
cess we assume for this model. Next, in section 3,
we describe the VRPF algorithm that we adopt in
this paper. We also briefly discuss particle filters and
the general idea behind them, for completeness. In
section 4, we present results of experiments we con-
ducted comparing the VRPF and EWMA algorithms
and comparisons of the individual VRPF algorithms,
incorporating moves and without moves. Finally, we
conclude in section 5 with a listing of future research
directions we intend to pursue and a brief discussion
of the implications and importance of this model on
estimating customer event rates.

2 The Model

There are numerous algorithms that aim to solve
the latent state estimation problem. However, we
need to first model the latent state process. There
are a couple of dimensions to this general modeling
problem and listing them will help in setting up
our own problem. First, the state space itself can
be discrete or continuous. Secondly, the event
sequencing (or time-ordering) can be, again, discrete
or continuous. As we shall see, it is useful to model
the state process by a continuous-time, continuous
state-space model, with a point process observation
model, in our problem.

An example would help set the stage for a more
formal explanation. Consider credit card usage.
Generally, a histogram of the time of usage of the
cards, across a portfolio of card users and over a 24
hour period, would be a bell curve. Clearly, there
are periods of the day during which consumers tend
to transact more, and other times during which they
transact less. For an individual user, the time scale
is probably much different, but even there, individual
consumers would tend to use their cards more over
the weekend (shopping, movies etc.) than during the
working week. Thus, there are clear categories of
usage. However, even though there maybe a finite
number of usage categories, the quantification of this
usage (in terms of a rate) does not necessarily have to
be in a finite or discrete set of values. To illustrate,
suppose that a cardholder uses her card more often
over a weekend, implying a higher rate. Even though
she exhibits a fairly stationary behavior, it is not
true that she has the exact same rate every weekend.
The rate quanta can vary over a continuous range
of values. Further, one cannot assume that the
cardholders state changes abruptly at a set time
instance (even though it is assumed that the state
can change at an instant). Thus, even though the

number of state changes over a given time period
maybe denumerable, the instants of the changes and
number of state changes, and the magnitude changes
of the state process are random. Figure 1 is an
illustration of this conceptual model.

We can see that there is a compelling case for
modeling such consumer behavior with continuous
time stochastic processes. Let us now look at a more
formal presentation, and start with a description of
our model of consumer behavior.

2.1 An Observation Model

As mentioned in the introduction to this section, gen-
erally there are a denumerable and random number
of events during any given period of time. We shall
model the event observations as a type of Markov pro-
cess - a Poisson process, with rate λ > 0; see (Ross,
2007, Ch. 5) for a good introduction. Note that Pois-
son processes are a type of continuous-time Markov
chain, where in the states of the chain are the number
of events seen up to a given instant of time. These
processes are also called as counting processes, and
also as pure-birth processes. Poisson processes have
some very useful properties -

• The number of events over a given time interval
is Poisson distributed - P (N(t+s)−N(s) = n) =
e−λt (λt)n

n! . Where, n ∈ {0,1,2 ...}.

• The Poisson process has stationary and indepen-
dent increments; i.e., N(t+s)−N(s) is indepen-
dent of N(s + u)−N(u) where, u < s < t.

• The time between events is exponentially dis-
tributed.

Note that in the basic, or homogeneous, Poisson
process the rate, λ, is assumed to be a constant. How-
ever, in our problem, the rate is assumed to change at
random instants of time to random locations. Thus,
we need to turn to a more sophisticated model, a dou-
bly stochastic Poisson process or Cox process, (Daley
and Vere-Jones, 2003), in which the rate is assumed
to be some stochastic process. There are several inter-
esting applications of Cox processes, including mod-
eling insurance risk and securities risk, see (Dassios
and Jang, 2003) and (Lando, 1997) for illustrative
examples.

2.1.1 Cox Process

We shall follow Bremaud’s definition of a Cox process,
(Bremaud, 1981) (also used in (Dassios and Jang,
2003)). Let, (Ω,F , P ) be a probability space, where
F consists of all σ-algebras Ft.Suppose Nt is a Pois-
son process adapted to Ft. Let λt be a non-negative
process that is Ft adapted, and∫ t

0

λsds < ∞ a.s.

If ∀ 0 ≤ t1 ≤ t2 and u ∈ R,

E
{

eiu(Nt2−Nt1 )|Ft2

}
= exp

{
(eiu − 1)

∫ t2

t1

λsds

}
Then, the probability of n events in time interval t2−
t1 is Poisson distributed, given the rate process over



Figure 1: The conceptual model of a Poisson observation model and a Markov Jump Process rate process. (a)
depicts the state process, where λ0 is the initial value, ρ and δ are model parameters governing the jump-time
Poisson process, and the state-magnitude Markov chain resp. and t∗n and t∗n+1 are two jump times, (b) depicts
the events sequence, where events are represented by marks on the time axis. The rate at which events occur
is shown as λt which is the realization of the rate process at time t.

t1 ≤ s ≤ t2,

P {Nt2 −Nt1 = n|λs, t1 ≤ s ≤ t2}

=
e−

R t2
t1

λsds
∫ t2

t1
λsds

n

n!

Thus, in order to employ the Cox process as
a valid observation model, a model for the state
evolution process, λt, needs to be chosen. In the next
section we will consider an appropriate model for our
problem.

2.2 The State Evolution Model

Markovian state evolution models are uniquely rep-
resented by a state transition probability - P (Y |X).
Where, crudely, P represents the probability of mov-
ing to state Y, given that the system is in state X at
the previous step. This state transition probability is
also represented by the use of a transition function,
ks,t(dy, x), where s(< t) are the times at which one
considers the process evolution.

There are many choices of processes for describ-
ing the state evolution. A good example would be a
random walk, where in the current state is a random
perturbation of the state at the previous time instant-

λt+1 = λt + νt+1 (1)

Where, νt+1 is the random perturbation or noise com-
ponent, and λ is the state. It is quite simple to verify
the Markovian nature of such a process. Further, if
the noise is assumed to be standard normal, ℵ(0, 1),
and λ0 = 0, then this process represents Brownian
motion (of course subject to some conditions that al-
low its description in continuous time).

In (Lambert et al., 2001) the authors describe a
multiplicative noise state evolution model -

λt+1 = νt+1 λt (2)

Where,

ν ∼ Γ(α, α)

And λ0 is assumed to be known.

In (Weinberg et al., 2006), the authors describe
the behavior of calls arriving at a call center at a large
North American bank. From their analysis, it is clear
that the rate at which calls arrive has different stages,
and that these vary from day-to-day. The authors
model this behavior with a doubly stochastic Poisson
process, with the rate evolution governed by -

λt+1 = wdt+1v + εt+1 (3)

Where, wdt+1 is the proportion of calls occurring
in the period of interest, v is an estimate of the
number of daily volume on the day of interest and
εt+1 is a random perturbation.The most interesting
aspect of this model is the fact that the model
accommodates both inter- and intra-day variation
in the rate, thus allowing for greater control of the
model.

However, as described in the introduction to this
section, it appears more plausible that the states
of consumers undergo a slow evolution. Further,
we assume that the state can change only a finite
number of times in a given time period (say, a day).
We model the state evolution with a Markov process,
and thus introduce the assumption that the future
state is conditionally independent of the past, given
the present.

Given the hypotheses stated above it does not
appear reasonable to assume that the state evo-
lution follows some type of a diffusion process. A
pure-diffusion process assumes that the state is con-
tinuously evolving at each time instant. This violates
the assumption of a denumerable number of state
changes in a given period of time. Jump-diffusion
processes appear to be a more plausible model, since
one can assume that the state changes are represented
by the jumps in the process, and that the process
then evolves around the magnitude jumped to.
However, this precludes any notion of a slow evolu-
tion, since the state still changes at each time instant.

A more plausible model for the state evolution pro-
cess is to assume it follows a piecewise deterministic
Markov process (PDMP). Specifically, we assume that



the process is a Markov jump process (MJP). Note,
however, we do not pursue the PDMP description di-
rectly, and instead merely point out the connection
between MJP’s and PDMP’s. Describing PDMP’s
is outside the purview of this paper, and the inter-
ested reader is directed to (Davis, 1984). Figure 1
shows an example of how the state process may vary.
We assume that the state process is a pure-jump pro-
cess, with constant trajectory, or flow, between the
jumps. Our assumption that the state of a user does
not change significantly, once in a given state, means
that MJP’s are a good model for representing such
behavior. A brief review of MJP’s and their proper-
ties follows.

2.2.1 Markov Jump Process (MJP)

A jump process is a stochastic process that changes
its magnitude only at random instants of time.
Generally, any process with piecewise-constant tra-
jectories between jumps is called as a jump process.
Markov Jump Processes impose a Markovian struc-
ture on the states, by requiring that the future states
are conditionally independent of the past, given the
present. Linked to this is an important result that
shows that a jump process is Markovian iff the
time between jumps is exponentially distributed -
Fλ(t), ∀λ ∈ S, with parameter ρ(λ(t)).

The basic characteristics of MJP’s include -

• A stochastic kernel k(λ, A) on S × B(S) (A ∈
B(S)) that satisfies the condition, k(λ, λ) = 0.
This ensures that there actually is a jump at each
jump time.

• A bounded, non-negative function of the state,
ρ(·), that controls the rate at which jumps occur.
We assume that the rate at which jumps occur
is much lower than the rate process magnitude,
λ(t).

Intuitively, a continuous-state MJP can be
thought of as starting in some position λ0 at time
t0, and remains in that state till an exponentially
distributed time t1, when it jumps to a new location
λ1 according to the transition kernel, k(dλ1, λ0).
It then remains in the state λ1 until the next
exponentially distributed jump time, t2, and again
the process jumps to a new location, following the
transition kernel k(dλ2, λ1). This continues till the
end of the period of interest, or ad infinitum.

We can think of the MJP as being the composition
of a Poisson (point) process, N, and a Markov chain,
M, Λ = N ◦ M . Now, we can model the state by
a tuple, λ = (τ, θ), where, τ is the jump time and
θ is the state-magnitude. Further, we assume that
the state evolution density can be decomposed in the
following manner -

f(τt, θt|τt−1, θt−1) = f(τt|τt−1, θt−1)f(θt|θt−1) (4)

We assume that the future jump time is conditionally
independent of the future state-magnitude, given the
present jump time and the present state-magnitude,
and the future state-magnitude is conditionally inde-
pendent of the present jump time. This assumption
fits in nicely with our assumption that the state pro-
cess is a MJP. This is a very general description of the
process evolution. In order to adapt this description
to the problem of event rate estimation, we make a
few further assumptions that will fully describe the
model -

• We assume that users generally have a fairly
moderate rate of usage, with jumps being not
too high or low.

• The high rate states tend to be of short duration
(or ‘bursty’).

• High rate states are usually followed by a drop
down to a more moderate rate.

• A low rate state is followed by a moderate state
with high probability.

Based on these, still, rather general assumptions,
we model user behavior by considering the following
forms for the state evolution densities.

2.2.2 Jump Time Distribution

As stated earlier, one of the properties of MJP’s is
that the time between jumps is exponentially dis-
tributed. The parametrization of this distribution
is assumed to dependent upon the present state-
magnitude in the following manner.

1
ρ(θt)

exp

{
−τt+1 − τt

ρ(θt)

}
(5)

Where, the mean rate of the jumps, as a function of
the state-magnitude is given as,

ρ(θt) =
α

θt

Here, α ∈ <. As stated earlier, we assume that the
rate at which jumps occur is much lower than the
event rate. α allows us to control the jump rate.
Thus, one can see that a large rate value will pro-
duce a very low future jump time, and vice versa.

2.2.3 State-magnitude Distribution

In the description of a MJP, it was noted that the pro-
cess is associated with a transition kernel which deter-
mines the evolution of the state-magnitude, θ. We use
a random walk type model, (1), to describe the rela-
tion between the future and present state-magnitude.
We define the random perturbation as -

∆θt+1 , θt+1 − θt (6)

Note that θ ∈ <+. This implies that the differ-
ence between the present and future magnitudes is
bounded below -

−θt ≤ ∆θt+1 < ∞

We could model ∆θt+1 by a shifted Gamma
distribution (the density function of which exists),
where the shift parameter is −θt. However, as
defined, MJP’s require the probability of jumping
to the same location should be zero, k(λ, {λ}) = 0.
That is, ∆θt+1 6= 0. We accommodate this by
modeling the density function as a mixture of two
shifted gamma distributions, such that the density
of the mixture at ∆θt+1 = 0 approaches zero,
for a fixed θt. By a slight abuse of mathematical
propriety, we will define the first mixture component
density, c1, as that having most of its density in the
region [−θt, 0), and the second component, c2, as
that having support, [0,∞). While there is a small
probability that ∆θt+1 = 0, by carefully choosing
the parameters of the gamma distribution and the



mixture probabilities, it is possible to minimize this.

Now, recalling the assumptions we made regard-
ing the user behavior, we assume that high or low
rate magnitudes will be followed by a return to a
more ‘moderate’ rate. We model this behavior by
considering an appropriate probability mass function
for the components, which is dependent upon the
present state-magnitude. In order to achieve this,
we require an appropriate function, π, such that,
π : <+ −→ [0, 1]. We choose an exponential func-
tion, with a suitable parametrization incorporating
θt, as this function -

π(1|θt) = 1− exp

{
−θt

η

}
(7)

π(2|θt) = 1− π(1|θt) (8)

Where, η parametrizes the mean magnitude to which
the process returns to. For example, consider a situa-
tion with a large η (η >> 1). Then, if θt is small, there
is a greater probability of jumping to a larger value,
in the next jump (since π(2|θt) > π(1|θt)), and vice
versa. We call this model as an exponentially modu-
lated Gamma mixture. Finally, the state-magnitude
transition density function is given by -

f(θt+1|θt) = π(1|θt) Γ(δ,
1

δ θt
) + π(2|θt) Γ(δ,

1
δ θt

, θt)

(9)

Where, Γ(· , ·) is the gamma distribution and
Γ(· , · , ·) is the shifted gamma distribution, with the
third parameter the shift. δ (∈ <+) is the gamma
distribution parametrization.

A final observation to be made is that the state-
magnitude is assumed to have a Gamma prior dis-
tribution, with parametrization δ. Thus, we have a
description of the the latent state process transition
density, (4). We will use this description in designing
an estimation procedure for the state from observa-
tions. As stated earlier, the state evolution process
is not directly observable, but only through the Cox
process observation model. Further, we would like
to estimate this process (or at least the mean) in an
online fashion. We accomplish this estimation with
a Particle Filter. We describe the filter design and
algorithm in the next section.

3 A Particle Filter Solution

Non-linear state space models are described by a state
evolution model,

xt = a(xt−1, νt) ⇔ f(xt|xt−1)

And an observation model,

yt = b(xt, ιt) ⇔ f(yt|xt)

Where, f(xt|xt−1) and f(yt|xt) are the transition
density (a.k.a. the transition kernel) and the obser-
vation density, resp. a(·) and b(·) are some non-linear
functions, and ν and ι are the driving noise processes.
We have detailed our modeling assumptions in the
previous section. Now, we are interested in estimat-
ing the posterior density 2, f(x0:T |y0:T ). Using Bayes
rule we get -

2We shall implicitly assume that the density function exists for
all distributions of interest to us.

f(x0:T |y0:T ) =
f(y0:T |x0:T )f(x0:T )∫
f(y0:T |x0:T )f(x0:T )dx

=
f(x0)f(y0|x0)

∏T
i=1 f(xi|xi−1)f(yi|xi)∫

f(y0:T |x0:T )f(x0:T )dx
(10)

However, evaluating this expression requires eval-
uating the integral, which is intractable in most cases.
One can use a simulation based approach to estimat-
ing this density, using importance sampling (IS). IS
uses a carefully designed auxiliary density, q(·), called
as the importance function, whose support covers the
support of the target density function. Then, the
expectation, E(g(X)), of some function g(·) of ran-
dom variable X, can be estimated by using N IID,
weighted, samples drawn from the importance distri-
bution -

E [g(X)] =
∫
D(x)

g(x)fX(x)dx

=
∫
D(x)

g(x)
fX(x)
q(x)

q(x)dx

≈
N−1∑
i=0

wi g(xi) (11)

Where, wi are the normalized importance weights, N
is the number of samples and xi are samples drawn
from the importance density. The un-normalized im-
portance weights, w̃i, are defined as -

w̃i =
fX(x)
q(x)

(12)

These weights are then normalized before being used
in (11) -

wi =
w̃i∑N−1

i=0 w̃i

It can be shown that the estimate (11) converges to
the true expectation, E [g(X)], in the limit, N →∞.
The standard IS procedure can be extended to a se-
quential situation, where the weights are estimated
and updated at each instant an observation is made.
This is called as the sequential importance sampling
(SIS) algorithm, and forms a subset of sequential
Monte Carlo (SMC) methods. SIS forms the basis
of particle filter (PF) algorithms.

3.1 Generic Particle Filters

PF’s are a specific instance of SIS algorithms used to
estimate the the posterior density (and associated ex-
pectation functions), using a set of samples, or parti-
cles, drawn from the importance density. Essentially
one can think of drawing particles as drawing a sam-
ple path from the importance density. The impor-
tance weights are given by -

w̃
(i)
t =

f(x(i)
0:tn

|y0:tn)

q(x(i)
0:tn

|y0:tn)
i = 1 . . . N

(13)



Where, x(i) is the ith particle drawn from q(·). By
assuming that the importance density can be decom-
posed as -

q(x0:tn
|y0:tn

) = q(x0:t−1|y0:t−1)q(xt|xt−1, yt)
(14)

i.e., the particle value at t is dependent only on the
observation at t and the particle value at the previous
time instant. Crudely, one can say that the sample
path is extended by sampling from the second part of
the importance function decomposition. From (10),
and the Markovian nature of the state process, we
can see that the posterior density function can be
expressed as -

f(x0:t|y0:t) ∝ f(yt|xt) f(xt|xt−1) f(x0:t−1|y0:t−1)
(15)

Now, substituting (14) and (15) into (13), and drop-
ping the terms that do not depend upon the state
sequence, we get -

w
(i)
t ∝ w

(i)
t−1

f(yt|x(i)
t )f(x(i)

t |x(i)
t−1)

q(x(i)
t |yt, x

(i)
t−1)

(16)

Thus, we get a sequential update equation for
the importance weight, which depends only upon
the present particle, the current observation and
the previous particle. At each observation instant,
we draw a sample from the second part of the RHS
of (14), and update the weight according to (16).
However, this basic algorithm has problems with
its performance. Specifically, it suffers from weight
degeneracy, where most of the weight is concentrated
on a few particles after a few iterations of the
algorithm. This problem can be worked around by
re-sampling the particles either on every iteration, or
according to some criterion (described later on).

Note that in the generic particle filter, we know
that the dimension of the sample space of the pos-
terior probability distribution is strictly increasing;
i.e., dim(St−1) < dim(St). That is, we know that
at each observation instance, there is exactly one
latent state variable value. However, this is not the
situation with our problem. Recall that we assume
a Markov jump process (MJP) model for the state
evolution process, that changes state at a rate much
lower than the state-magnitude at a given instant of
time. Thus, we have a situation where the number of
state variable samples at each observation instance
is unknown. Here, we must assume that at each
instance, we have the same sample space, S, but
the support of the posterior density function, Et, is
increasing. Thus, we require different algorithms to
solve this problem.

There have a few attempts at solving this type of
filtering problem. The Variable Rate Particle Filter
(VRPF), described in (Godsill and Vermaak, 2005)
and expanded in (Godsill et al., 2007), works by
sampling stopping times, such that every observation
has a complete neighborhood, where neighborhood is
some well defined region around each observation. In
(Del Moral et al., 2006), a general technique for sam-
pling from a sequence of distributions that are defined
on the same underlying sample space, called Sequen-
tial Monte Carlo (SMC) Samplers is defined. Ap-
plications of this algorithm to PDMP’s and jumping
processes is described in (Whiteley et al., 2007). We

adopt the VRPF algorithm in this paper, and de-
scribe some simple extensions to the basic algorithm
described in (Godsill et al., 2007). We describe the
VRPF algorithm next.

3.2 Variable Rate Particle Filter

For brevity, a brief description of the VRPF follows;
details of the algorithm are available in (Godsill and
Vermaak, 2005) and (Godsill et al., 2007). One of the
assumptions made about the state evolution model is
that the rate at which jumps occur is much lower than
the state-magnitude itself. Thus, we require a way
of redefining (10) and (15), to incorporate this fact.
First, the posterior distribution that we are interested
in is defined as -

f(x0:kut
|y0:t) = f((τ, θ)0:kut |y0:t)

(17)

Where, kut is the index of the last jump time, τk,
greater than the observation time, t; i.e.,

kut = min{k : τk > t}

Recall from (4) that the state is a tuple, (τ, θ), com-
posed of the jump time and the state-magnitude resp..
This leads to a definition of the neighborhood of the
tth observation, yt as -

ℵt =
{

xk : τkut−1+1 < · · · < t < τkut

}
(18)

Accompanying the neighborhood structure, we also
define a neighborhood function, φ̂(t), that helps
compute a neighborhood structure from the state-
magnitude values. There are many possibilities for
this function. In our case, we adopt the interpolation
function defined in (Godsill et al., 2007), as it fits our
problem well -

φ̂(t) =
θk(τk − t) + θk−1(t− τk−1)

τk − τk−1
, τk−1 ≤ t < τk

Now, using Bayes rule and the Markovian nature of
our model, (17) can be expanded as -

f(x0:kut
|y0:t) =

f(y0:t|x0:kut
) f(x0:kut

)
f(y0:t)

∝ f(yt|xℵt)f(xkut−1+1:kut
|xkut−1

)f(x0:kut−1
|y0:t−1)

(19)

(19) is the VRPF analogue of (15). Now, we can
choose an appropriate importance density function,
q(x0:kut

|y0:t), such that it factorizes as in (14) -

q(x0:kut
|y0:t) = q(xkut−1+1:kut

|xkut−1
, yt)q(x0:kut−1

|y0:t−1)
(20)

The importance weight update is then obtained by
combining (19) and (20) in the equivalent of (13) -

w̃
(i)
t ∝ w̃

(i)
t−1

f(yt|x(i)
ℵt

)f(x(i)
kut−1+1:kut

|x(i)
kut−1

)

q(x(i)
kut−1+1:kut

|x(i)
kut−1

, yt)
(21)



Where, the samples x
(i)
k are drawn from the impor-

tance density -

x
(i)
kut−1+1:kut

∼ q(x(i)
kut−1+1:kut

|x(i)
kut−1

, yt)

From (19) we see that the posterior distribution
depends upon the number of jumps, kut , made up
to the tth observation. This is a random variable
itself, and this fact will have a bearing upon the
design of the particle filter algorithm. Essentially
the algorithm comes down to sampling jump time
proposals from the importance density until the
neighborhood of the current observation is complete.
In our problem, the current observation yt is basi-
cally the time between the latest observation and
the last observation. Thus, if the last observation
was at time instant υt−1, then the instant of the
current observation is yt + υt−1. Thus, completing
the neighborhood requires drawing jump-times and
corresponding state-magnitudes from the importance
density till one of the jump-times is greater than
yt + υt−1.

The algorithm performance hinges to a great
extent on the choice of importance density, q(·). A
simple and often used choice for the importance den-
sity is the state evolution density, (4). This type of a
particle filter is called as a bootstrap filter. As noted
in (Arulampalam et al., 2002), the state space is
explored without any knowledge of the current obser-
vation. This could make the algorithm susceptible to
perform poorly, when there are outliers in the data.
However, since we assume that most consumers tend
to have a fairly stable behavior, this might not cause a
problem for us, and using the prior transition density
as the importance density should not be a bad choice.

We will incorporate re-sampling into the algo-
rithm. Re-sampling is performed when the Effec-
tive Sample Size (ESS) falls below some pre-defined
threshold. ESS measures the number of samples that
have significant weight, and is defined as -

Ness =
Ns

1 + V ar(w∗k)

Where, w∗ is the true importance weight, and Ns is
the number of particles. The ESS is approximated
by,

N̂ess =
1∑

(wi
k)2

Particles are resampled using the sample-with-
replacement regime, with the normalized weights as
pseudo sample probabilities. Post re-sampling the
weights of the sampled particles is set equal to 1

N .
The basic VRPF algorithm with re-sampling is listed
in Algorithm 1.

Over time, the re-sampling regime suffers from a
lack of sample diversity. As the re-sampling occurs,
there is a greater tendency to sample the same few
particles. Thus, even though the weight degeneracy
is eliminated, another problem crops up. In order
to correct for this problem, authors in the past have
suggested adding moves to the resampled particles,
see (Gilks and Berzuini, 2001), involving an MCMC
kernel. The idea behind using moves is to adjust
the position of the resampled particles, so that they
are all not at the same location, and with the same

Algorithm 1 Bootstrap VRPF algorithm

- Initialize Particles
1: for i in 1 to N do
2: Set τ

(i)
0 = 0

3: Draw θ
(i)
0 ∼ Γ(β, 1

β )
4: end for

- Start Algorithm

Require: T and N

1. Re-sampling
1: Compute N̂ess = 1P

(wi
k)2

2: if N̂ess < T then
3: for i in 1 to 10 do
4: Resample particle i with replace-

ment, with probability ∼ w(i)

5: Set w(i) = 1
N

6: (optional) Move according to the
prior dynamical density (4)

7: end for
8: else
9: Continue

10: end if
2. Propagation

1: for i in 1 to N do
2: Complete Neighborhood
3: j = −1
4: repeat
5: Increment j

6: τ
(i)
kut−1+j ∼ f(τ |τ (i)

kut−1+j , θ
(i)
kut−1+j)

7: θ
(i)
kut−1+j ∼ f(θ|θ(i)

kut−1+j)
8: Augment Sample Path
9: until τ

(i)
kut−1+j > yt

10: Weight Computation
11: w̃

(i)
t ∝ w

(i)
t−1f(yt|xℵ̂t−1

)
12: end for



state-magnitude. This way, the diversity of the
particles is ensured. Here we detail a simple particle
movement regime.

The re-sampling regime involves moving the last
sample in a particle according to a constrained prior
dynamical density, at each re-sampling instant -

x
(i)
kut

∼ f(τ, θ|τkut −1, θkut −1, t)

= f(τ |τkut −1, θkut −1, τ > t)f(θ|θkut −1)

That is, the last sample in the particle sample path
is moved to a new location according to the prior dy-
namical density, such that the jump instant is greater
than the current observation instant. Next, we de-
scribe the experiments conducted and the results on
these experiments.

4 Experiments and Results

We compare our algorithm to a standard exponen-
tially weighted moving average (EWMA) filter, com-
monly used in time series filtering. As pointed out
in the introduction, (Lambert et al., 2001) describe
an algorithm for estimating the rate using a con-
trolled version of the EWMA filter, such that a sepa-
rate EWMA filter is maintained for each time inter-
val of interest. We consider the simple version of the
EWMA. We first briefly describe the EWMA and is-
sues arising in its use, then describe the experiments
run and finally present the results.

4.1 Exponentially Weighted Moving Average
Filter

The EWMA is a very simple model that just averages
the last n values of the observations to generate the
current estimate of the mean value of the random
variable of interest -

Ȳn = (1− α)Ȳn−1 + αxn, 0 < α < 1

Where, Yn and Yn−1 are the current and previ-
ous (resp.) estimated mean time between observed
events, xn is the current observation (time since the
last transaction) and α is a fixed weighting value. The
mean event rate we estimate is the inverse of the mean
time between events. The question is, how does one
chose the value of the weight α? A general heuristic
is to chose α such that α = 2

n+1 . However, there is
no set guideline and describing some point estimation
method like maximum likelihood for this parameter
is outside the purview of this paper.

4.2 Experiments

We ran the VRPF algorithm and the EWMA on data
generated using the model described in section 2. Fig-
ure 2 shows the sample path that we consider in this
test, along with the observation instants. This test
can be thought of as a sanity check on the efficacy of
the model, and also serves as a test-bed to compare a
traditional solution (EWMA), with the proposed al-
gorithm. We use the mean squared error (MSE) as
the criterion to compare the algorithms -

MSE :=
1
n

n∑
i=1

(xi − x̂i)2

Where, n is the number of observations, x is the
actual observation value and x̂ is the estimated value.

In order to generate the data, we set up the model
with δ = 2.0, α = 10.0 and η = 10.0. Using this
parametrization, we generated data such that there
are exactly 10 jumps in the state process. We can
see that figure 2 depicts different types of behavior
- (from left to right on the time scale) jumping
between moderate values, a jump to a very low rate,
followed by a spike in the rate.

We use the same parametrization in the prior
dynamical density in the VRPF. We present results
for two versions of the algorithm, as noted above.
First, we use simple re-sampling with no moves
at each iteration of the algorithm, and a second
version with a very simple move based on the prior
dynamical density, (4). In the latter case we also
present results with re-sampling when the effective
sample size (ESS) falls below 0.4, and re-sampling
at each iteration. In order to compare the VRPF
algorithm with the EWMA, we ran the algorithms on
the dataset above once, with the VRPF’s initialized
with 10,000 particles. For the EWMA, we ran the
simulation multiple times, using different values for
α in the set {0.1, 0.2 . . . 0.9}. We found that the best
value of α in a mean-squared error sense is 0.2.

4.3 Results

Figure 3 shows the performance of the algorithms over
the entire sample path. Figures 4(a), 4(b) and 4(c)
show the performance at the rate spike, for clarity.
We compare the EWMA to each of the VRPF algo-
rithm flavors. It is clear that the particle filters are
very close in performance to the EWMA, and indeed
tend to converge to the actual value a lot quicker than
the EWMA. However, we also see that the particle
filter shows much more variance in the spikes, com-
pared to the EWMA. This is most pronounced in the
case of the VRPF algorithms with moves. Thus, in-
corporating moves into the algorithm certainly helps
it converge faster, but it also tends to make it a bit
more ‘volatile’. The table below, table 1, shows the
comparison of the algorithms using the MSE criterion.
Clearly, the VRPF algorithms, VRPF Move ESS and
VRPF NoMove, perform better than the EWMA. In-
terestingly the VRPF with plain re-sampling at each
iteration performed much better than the algorithms
with moves.

Here, VRPF Move ESS denotes the VRPF algo-
rithm with moves and re-sampling when ESS falls be-
low 0.4, VRPF Move NoESS is the VRPF algorithm
with moves and re-sampling at each iteration and
VRPF NoMove denotes the VRPF algorithm with
only re-sampling at each iteration. In order to com-
pare the VRPF algorithms themselves, we ran the al-
gorithms 30 times on the same dataset, and estimated

Algorithm MSE

EWMA 19.0839

VRPF Move ESS 15.4523

VRPF Move NoESS 25.8216

VRPF NoMove 9.28208

Table 1: Comparison of EWMA to VRPF Algorithms
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Figure 2: The figure shows the sample path of the state process that we use to compare the algorithms. The
sample path is the solid line (-) and the observation instants are the ‘+’.
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Figure 3: The relative performance of the algorithms on the entire sample path shown in figure 2. We show
the estimated mean process.

the mean MSE over the runs. For this experiment, we
changed the number of particles to 5,000. The mean
MSE is estimated using-

M̂SE :=
1
n

n∑
j=1

{
1
m

m∑
i=1

(xji − x̂ji)2
}

Where, m is the number times the algorithms are
run, n, as before, is the number of observations. The
table below, table 2, summarizes the results of this
test.

Figure 5 shows the performance of the VRPF
algorithms at the rate spike. We can clearly see
that the VRPF with no moves, figure 5(c), shows
significant variation, as indicated by the large 95%
confidence bands at each observation. Thus, even
though we happened to obtain a good performance
in the first experiment, the VRPF NoMove is clearly
a bad choice. The VRPF Move NoESS, figure 5(b),
too, shows significant variance in the performance
and the best algorithm would in fact be the VRPF
with moves, and re-sampling when ESS falls below
0.4.

Algorithm M̂SE

VRPF MOVE ESS 16.1922

VRPF MOVE NoESS 25.2604

VRPF NoMove 24.7914

Table 2: Comparison of VRPF Algorithms

5 Discussion and Future Work

We have detailed a sequential Monte Carlo approach
to estimating the rate at which customer initiated
events are made. We assume that the events are
governed by a doubly stochastic Poisson process. We
assume that the rate process follows a Markov jump
process, and we detailed an appropriate model of
customer behavior. Based on the Poisson observation
model and the Markov jump process model for the
rate process, we showed how to use a particle filter,
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(a) EWMA v/s VRPF Move ESS
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(c) EWMA v/s VRPF NoMove

Figure 4: Relative Performance at the spike in the rate sample path. Here we compare the EWMA algorithm
with each of the EWMA algorithm flavors. It is interesting to note that the EWMA NoMove algorithm shows a
much smoother behavior, with lesser variance in its estimates, compared to the other two algorithms. However,
as seen in figure 5(c), below, it has significant variation from run to run.

the Variable Rate Particle Filter, to estimate the
latent state. Our experiments show that the particle
estimates of the mean rate is significantly better than
the EWMA estimate of the state process sample,
based on a mean squared error criterion.

5.1 Implications Of The Proposed Method

As noted in the introduction section, event rate es-
timation provides significant inputs towards solving
many business problems, including fraud detection,
click-stream analysis, targetted advertising etc.
Consider, as an exemplar of these problems, fraud
detection in credit cards. The events (card trans-
actions) occur in a time-ordered fashion, with each
consumer having a fairly stable transaction behavior.
One of the measures of this stable behavior is the
rate at which those transactions are made. Of course,
in order to classify transactions as fraudulent or not,
it is necessary to include a vast number of interesting
features. However, knowledge of a customers histori-
cal transaction behavior is indispensable in detecting
fraudulent behavior. The event rate is, arguably,
the most important measure of past behavior.
The change in transaction rate, in fact, can be an
important marker for early detection of fraud events,
as an indicator of abnormal consumer behavior. As
another example, consider the case of click-stream
analysis. By knowing how often a person browsing
a website is likely to click on a link, it is possible
to optimize the amount of caching to be done, for
instance, to serve up webpages to millions of users
simultaneously. Another example is in estimating

the amount of time a website patron spends on a
particular page, thereby helping to optimize the
amount of ad-spend on a particular page. Once
again, knowledge of the event/transaction rate is
very useful.

Thus, one can see that estimating the event rate
is crucial to solving many important business prob-
lems. The estimate has to be as accurate as possi-
ble to be useful in any analytics used to solve these
business problems. Our solution is to make some jus-
tifiable assumptions regarding the stochastic process
that models the rate. Poisson models of events are
widely used, and are justifiable by the great flexibil-
ity they afford. But, of course, the rate process is not
observable, and has to estimated from observations of
the events alone. We showed that using a Bayesian
method, Sequential Monte Carlo (SMC), the estima-
tion of the rate from event observations is possible
and with much better performance compared to the
widely used EWMA approach. It is important to note
that this paper lays out an extremely flexible frame-
work for more accurate estimates of the rate process.
Indeed, the experiments conducted, though on exper-
imental data, clearly indicate the power and efficacy
of the approach.

5.2 Future Directions

As future work, there are quite a few directions to
consider -

a) Recent results in (Whiteley et al., 2007) show
that the SMC samplers framework, (Del Moral
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Figure 5: Relative Performance of the VRPF algorithms alone, at the spike in the rate sample path, over a 30
repeat run of the experiment. Also indicated are the 95% confidence bands for each estimate. Note that the
VRPF NoMove algorithm, (c), shows very significant confidence bands, compared to the other two algorithm
flavors.

et al., 2006), is a better way of approaching par-
ticle filtering of MJP’s. We intend to investigate
this approach.

b) The current work does not make any explicit ref-
erence to the time scale over which the state
estimation is being done. In the introduction
we mentioned a couple of approaches to solving
the rate estimation problem in Poisson observed
events - (Lambert et al., 2001) and (Weinberg
et al., 2006). Both of these approaches incorpo-
rate controls into the models, so that the intra-
day and inter-day rate variations can be cap-
tured. We need to introduce such controls into
the model and the estimation algorithm.

c) The results shown are on experimental data
alone. It would be interesting to evaluate the
approach on empirical data.

d) Investigating the design of better importance
densities for the MJP type setting. This point
is related to a) above, since the SMC samplers
framework allows for the design of better propos-
als, by considering mixtures of proposal kernels.

e) The algorithm assumes knowledge of the
parametrization of the jump time and state-
magnitude distributions. This would require sig-
nificant amount of data understanding in real
world scenarios. Thus, there is also space to im-
prove the algorithm by making it adaptive, and
learn the distribution parameters from data.
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